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HOCHSCHILD COHOMOLOGY OF SMASH PRODUCTS AND 
RANK ONE HOPF ALGEBRAS 

S. M. BURCIU AND S. J. WITHERSPOON 



Abstract. We give some general results on the ring structure of Hochschild co- 
homology of smash products of algebras with Hopf algebras. We compute this ring 
structure explicitly for a large class of finite dimensional Hopf algebras of rank one. 



1. Introduction 



< 

r-| . Cibils and Solotar [Oj gave the ring structure of the Hochschild cohomology of a 

[ group algebra kG of a finite abelian group G over a commutative ring k, and Cibils jH] 

conjectured a formula for this ring structure for a general finite group G. Siegel and 
the second author [llj proved the conjecture. This Hochschild cohomology is a direct 
sum of graded vector spaces indexed by the conjugacy classes, and cup products 
'i> [ may be described in terms of this decomposition via known maps and products in 

^ I group cohomology. This vector space decomposition generalizes to a result for the 

■ Hochschild cohomology of a Hopf algebra H, where the direct sum is indexed by 

^ ! summands of the adjoint representation of H on itself Prop. 5.6], but in general 

^ I there is no known formula for the cup product in terms of this decomposition. In the 

O ' special case that H is commutative, Linckelmann |^] generalized the original result 

r-| ■ of Cibils and Solotar. 

^ ', There is a generalization in another direction, to a crossed product of an algebra 

^ I A with a group algebra kG; again Hochschild cohomology is a direct sum of graded 

vector spaces indexed by conjugacy classes, and there is a formula for the cup product 
, in terms of this decomposition ^1 Thm. 3.16]. How much of this theory generalizes 

! to smash (or crossed) products with Hopf algebras, or to Hopf Galois extensions? 

I In this note, we begin a program to answer this question by (1) computing the ring 

structure of Hochschild cohomology for a large class of examples, namely some finite 
dimensional Hopf algebras of rank one defined by Krop and Radford [Sj, by (2) giving 
a vector space decomposition of the Hochschild cohomology of a smash product A^H, 
simultaneously generalizing the known cases A = k and H = kG, and by (3) giving 
some consequences of this decomposition in special cases. 

A rank one Hopf algebra is a generalization of a Taft algebra whose grouplike ele- 
ments may form a nonabelian group. As an algebra, it is a smash product B = A^kG, 
with A = k[x]/{x"') and G a finite group acting on A. We compute the graded vector 
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space structure of its Hochschild cohomology HH*(_B) := Ext*Q^Qop{B, B) (where B"'^ 
is the algebra opposite to B) in Section 2 (see Theorem 12 .41) . In Section 3 we use 
exphcit chain maps first defined by the Buenos Aires Cychc Homology Group [3] to 
compute the ring structure of HH*(i?), showing that the ring is generated by the 
G-invariant subring HH*(v4)^ of HH*(A) and by HH°(5) = Z{B) (see Theorem 

We give our general result in Section 4 for a smash product B = A^H, where H is 
a Hopf algebra with bijective antipode and A is an i^-module algebra. We introduce 
a subalgebra V of B (E) B"p in for which HH*(5,M) := Ext^^5.p(5, M) ^ 

Ext^(A,M) for any 5-bimodule M (see Theorem lOll. If A = k and M = H, 
this yields the decomposition of HH*(if) in terms of the adjoint representation of 
H on itself. If if = kG and M = B, this yields the decomposition indexed by 
conjugacy classes. In general if M = B, it will give a decomposition in terms of T>- 
submodules of B, and we translate the cup product on IIH*(i?) to one on Ext^(A, B) 
described explicitly at the cochain level in ()4.7|) . This is potentially a first step 
towards understanding the cup product more directly in terms of summands arising 
from the adjoint representation. It seems difficult to generalize the next step from 
the special case H = kG, as in this case, certain D-submodules of B are coinduced 
from centralizer subgroups (see the proof of Lem. 3.5]). We also do not know if 
there is a more general version of our Theorem 14.31 that applies to crossed products 
or to Hopf Galois extensions. 

In the remainder of this note, we give some consequences of Theorem 14.31 We 
first return to the rank one Hopf algebras of Sections 2 and 3 and take another 
look at the structure of their Hochschild cohomology, this time in relation to the 
adjoint representation. Next, in the special case that H is semisimple, we show 
that Theorem 14.31 directlv implies HH*(i?) = B.H.*{A, B)^ , where the superscript H 
denotes invariants (cf. [131 Thm. 3.3]), and we give some resulting formulas for explicit 
cocycles (see Theorem I4.12|) . Finally, when H is semisimple, another consequence of 
Theorem 14. 31 is that the Hopf-Hochschild cohomology of A introduced by Kaygun jH] 
is isomorphic to the Hochschild cohomology of B when coefficients are taken in a B- 
bimodule fTheorem l5.2j) . This follows from the observation that Kaygun's "crossed 
product" A'^ y<\ H is isomorphic to our subalgebra V of B'^. 

We work over a field k. For the explicit computations we require the characteristic 
of k to be relatively prime to the order of G, however for the general results k could 
equally well be a commutative ring provided all algebras are projective as fc-modules. 
Let ® = ®A:. We use modified Sweedler notation for the coproduct A : H ^ H (E) H 
of a Hopf algebra H, symbolically writing A{h) = hi®h2 {h E H). 



2. Hochschild cohomology of rank one Hopf algebras 

Let G be a finite group whose order is relatively prime to the characteristic of 
k. Let X : G — i> A;^ be a character, that is a group homomorphism from G to the 
multiplicative group of k. Let n > 2 be a positive integer and A = A;[x]/(x"). Then 
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G acts by automorphisms on A via 

for all g & G. Let B = Aj^kG, the corresponding skew group algebra (or smash 
product of A and kG) : As a vector space, B = A^ kG, and the multiplication is 

(a g)(biS) h) = a{%) (g) ^f/i 

for all a, 6 G A and g,h & G. We abbreviate a C?> by agf. 

Assume there is a central element gi E G such that xls'i) is a primitive nth root 
of 1. Then 5 is a Hopf algebra with coproduct A defined by 

(2.1) A{x) = X <S)l + gi® X and A{g)=g(^g, 

counit e by e{x) = and e{g) = 1, and antipode S by S{x) = —gi^x and S{g) = g~^, 
for all g E G. This generalization of a Taft algebra is defined in pi for abelian groups 
G, and generalized further in [9J (but with the opposite coproduct). Note that we do 
not use the coalgebra structure of B until Section 4. 

In order to compute the Hochschild cohomology of B, we use the following subal- 
gebra of B^ = B ^ 5°^: 

(2.2) V := - ^{Ag ® Ag-') C i?^ 

where the action of G on is diagonal, that is ^ (a 6) = ^a® ^b. The indicated 
isomorphism is given by (a ® &)(? ^ ag ® b)g~^ for all a, 6 G A and g E G. Note 
that A is a P-module under left and right multiplication. The algebra T> is sometimes 
denoted A in the literature on group-graded algebras. 

It is known that the Hochschild cohomology HH*(i?) := Ext*^e{B, B) satisfies 

(2.3) HH*(5) ^ Ext^(A,5) 

as graded algebras. This is a consequence of the Eckmann- Shapiro Lemma and the 
isomorphism of -B'^-modules, B ^ A ]^:= B^ ®x> ^ given by 6 i— » (6 ® 1) ® 1 with 
inverse {b ® c) ® a ^ bac. (See for example ^15, Lemma 3.5], valid more generally 
for some crossed products.) Alternatively (j2.3j) follows from our generalization to 
smash products with Hopf algebras. Theorem 14 . 31 b elow . As the characteristic of k is 
relatively prime to IGI, there is a further isomorphism Ext^(A, B) = Ext%{A, B)^ = 
HH*(y4, B)^ where the latter consists of invariants under the action induced from that 
of G C P on P-modules. (The resulting isomorphism HH.*{B) = Ext^e(v4, i?)*^ also 
follows from Cor. 3.4] or from ()4.10j) below.) Again as the characteristic of k 
is relatively prime to G-invariants may be taken in a complex prior to taking 
cohomology. This will be our approach in proving the following theorem for a rank 
one Hopf algebra B = A^kG. 



Theorem 2.4. Let N = kei x C G . For all i > 0, 

[kl 

0, otherwise. 
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Proof. The following is an A'^-free resolution of A [14, Exer. 9.1.4]: 

(2.5) A' ^ A' ^ A' ^ A' ^ A ^ 0, 

where u = x®l — l^x, v = (8> 1 + x"'^^ C?) x + ■ ■ ■ + 1 (8> x"'^^, and fi is 
multiplication. This becomes a P-projective resolution of A as follows. The action 
of G C in degree is diagonal on A*^, g ■ {a ®h) = ® for all a,h E A and 
g & G. In all other degrees the action must be modified in order that the maps -u 
and -v be maps of P-modules. In degree 2i, g- {a^b) = x(5')*"(^ct) '^^b, and in degree 
2i + l, g ■ (a^b) = ^(s')*""^^^^) ® ^b, for all a,b e A and g eG. With these actions, 
fl2.5j) is indeed a P-projective resolution of A: Since the characteristic of k does not 
divide the order of G, a P-module is projective if and only if its restriction to A^ 
is projective. (An A'^-splitting map of P-modules may be "averaged" by applying 
jk] '^g&cd obtain a P-splitting map.) 

According to the isomorphism ()2.3|) . we must now apply Homx)(— , B) to ()2.5|) . Now 
Hom^(A^5) = Hom^.(v4%5)^ where G acts on HomAe(A^5) by {g ■ f){a®b) = 
gf{g~^ ■ (a (8> b))g~^ for all / G Hom^e(74'^, 5), G G. Such a homomorphism is 
determined by its value on 1 (8) 1. We identify B with Homfc(fc, 5) = Hom^e(y4^, 5), 
under the correspondence b ^ f^ where /^(l ® 1) = 6. Thus applying Homx)(— ,-B) 
to ()2.5|1 yields the complex 

(2.6) ... ^ B^' ^ B^ ^ B^ ^ B^ 

the action of G on i? depending on the degree as stated above. In degree 2z, this 
action is 

{g . /,)(1 ® 1) = gf,{g-^ ■ (1 ® l))g-^ = gfMgy'' ® 1)^?-' = xigy'^gbg-', 

so that g . b = x{g)^^"' gbg^^ for all g ^ G and b E B. Similarly, in degree 2i + 1, 
g ' b = x{g)~^"'~^gbg~^. Thus in degree 2i, as x{gi) is a primitive nth root of 1, 
if x^ is invariant then x^ = gi ■ x^ = )"*"'*'"' = xigiY^'' ^ implying j = 0. It 
follows that B'^ C kG. Applying the formula for the action in degree 2i, we find 
B'^ = Z{kG) (the center of the group algebra kG) in case x*" = and otherwise 
there are no invariants. Thus in degree 2i, B^ is spanned by elements of the form 
YlheG/c{g) ^9^~^ in case = 1? where G{g) is the centralizer of an element g in 
G. Similarly, in degree 2z + 1, the invariants are spanned by elements of the form 
J2heG/c{g) xhgh~^ in case x*" = 1, and otherwise there are no invariants. 
The maps {-u)* and {-v)* are: 

{.uy{b) = {.urfb{l®l) = fb{u) = xb-bx, 
{.vy{b) = x^'-^b + x^'-^x + . . . + bx''-\ 

for all b G B'^. In particular {.y)* is the 0-map: {-vy^J^hGG/cig) ^hgh^^) = since 
x"' = 0. Thus ker(-t;)* = B'^ and im(-f )* = 0. In degree 2i, if B'^ ^ 0, then ker(-u)* 
is spanned by those conjugacy class sums ^h(zQic{g) hgh~^ for which g G kerx = A^. 
In degree 2i + 1, im(-M)* is spanned by those elements J2h&G/c{g) ^hgh^^ for which 
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g ^ N . Therefore 

HH^^(S) = ker(-u)7im(-t;)* = Z{kN) if x'" = 1, and otherwise, 
HH2^+^(5) = ker(-w)7im(-M)* = xZ{kN) if x'" = 1, and otherwise. 

As vector spaces, we thus have HH^'(5) = HH^*+^(5) for each i. □ 

3. The ring structure 

We next compute the ring structure of HH*(i?), where B = A^kG is the rank one 
Hopf algebra defined in Section 2. In order to do so, we compare the resolution ()2.5|) 
with the bar resolution of A, 

(3.1) ... J2^A^3 J^^e^^^Q^ 

where 5j(ao®ai®- • -(80^+1) = X]j=o(~l)''^o®' ' -^ctjCtj+i®- ■ -^o-j+i for Oq, . . . , a^+i G 
A. The cup product on HH*(i?) is defined at the chain level, with respect to the bar 
resolution dSU with A replaced by B, as follows: Let / G }IomBe{B'^^^+^\ B) = 
Homfe(5®',S) and /' G HomB.(S®(™+2), S) = Homfc(5®'", 5). Then 

(3.2) (/ /')(&! ® ■■• ® 6^+„^) = /(fei ® • ■ ■ ® ® • ■ ■ ® fem) 

for all &i, . . . , &;+m £ -B. It is convenient to consider an /-cochain sometimes to be 
an element of HomBe(i?®('+^), B) and other times to be an element of Homfc(5'^', B). 
This should cause no confusion. 

Consider the cup product on HH*(A, i?) given by (j3.2j) . where B'^\ B'^"^ are re- 
placed by A®', A^"". The isomorphism HH*(5) = HH*(A,5)^ described in Section 
2 preserves cup products, that is HH.*{B) is isomorphic to the G-invariant subalgebra 
of HH*(A,i?). This is known, and also follows from our more general results at the 
end of Section 4 as kG is semisimple, but we outline a direct proof using the algebra 
V in this case. Note that the bar resolution for B (as -B'^-module) is induced from 
the P-projective resolution of A: 

(3.3) ■■■ ^V^^Vi^Vo^ A^Q 
where Vq = V and 

Dm = Spanfc{aofi'o ® ■ ■ • ® am+i5'm+i \ ai e A, Qi e G, Qq ■ ■ ■ Qm+i = 1} 

is a P-submodule of An isomorphism B^ ®v ^ 5®(™+2) jg 

given by 

(6-1 ® &m+2) ® (&0 ® • ■ ■ ® Ki+l) ^ b_ibo (g) 61 (g) ■ ■ • ® 6m+l6m+2, 

and its inverse by 

aogo ® aigi • • ■ (g Om+i^im+i h-^ (1 5(0 ■ • • gm+i) ® (ao5'o ® ■ ■ ■ ® am+ifi'™^ ■ • • fi-o"^)- 

The bar resolution ()3.1|) for A is compatible with the action of P = A'^jj^kG given by 
the usual action of A^ and the diagonal action of G on tensor products A®"^. Thus 
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fKllj) is in fact a P-projective resolution of A. There is a X>-map from to (jH.lj) 
given by 

aogo ® ■ ■ ■ ® am+igm+i ^^ Oo ® ^"ai ® ^"^'02 ® ■ ■ ■ ® ^"■"^'"a^+i 

for all tti & A and Qi E G (see jH (5.2)]). Under this map and the identification 
Q®{m+2) ^ ggg^ ^j^g^^ ^j^g product dsn on HH*(B) indeed 

corresponds to that on HH*(A, 5)*^ C HH*(A, S) induced by multiplication on B. 

We first need a chain map 0* from ()2.5|1 to the bar complex (jH.lj) for A. This was 
found in a more general setting in 0. We give the maps explicitly in our setting. 
Define (j)^ : A" ^ ^®(m+2) 

(j)2i{l ® I) = I ® ai and 02i+i(l ® 1) = 1 ® a; (g) a; 

where ao = 1 and if / > 1, 

ai= ^ x'^ ® X ® x''^ ® X ® ■ ■ ■ ® X ® a;*'+i . 

{n+j2H l-j;+i=in— i|n,i2,--- >*;>!} 

In this formula, we emphasize that i^+i is allowed to be whereas 21,^2, ■ ■ ■ must 
be greater than 0. Note that our maps differ from those in j3j by a sign due to our 
choice M = x®l — 

We next define a chain map if)^ from (jH.lj) to ()2.5j) as in 3]. Define ip2i '■ A*^*^^'"*"^^ — > 
A^ and V^2«+i : ^ by 

il-l 
m=0 

where x-' is defined to be if j < 0. By ^ Prop. 1.5], 0,, and ip^: are indeed chain 
maps. Further, both 0* and -0* are compatible with the action of G and thus they 
are P-maps. 

Theorem 3.4. Let N = kerx C G and let p be the order of Homgp(G, A;^). 

Then there is an isomorphism of graded algebras 

RR^B)^ Z{kN)(E)k[y,z]/{z^), 

where degy = 2p and degz = 1. In particular HH*(i?) is generated by HH.*{A)'^ = 
k[y,z]/{z'^) andRR^iB) = Z{kN). 

Proof. Computations will be done at the chain level using the complex (|2.6p . First 
let a,b E B'^ be two elements of degrees 21 and 2m, respectively, and let fa and 
fb be the corresponding functions from A'^ to B'-^. Applying the chain maps 0*, ip^ 
given above and the definition of cup product on the bar resolution, the cup product 
fa fb is defined by 

{-^21 fa '02m/b)02i+2m(l ® 1) 



{^*2lfa - ^*2mfb){J2 ^ ^8) x'' X ® x'' ® X 



' X X ' 
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where the sum is over all indices is such that ii - ■ ■ + ii+m+i = {I + m){n — 1) and 
ii, 12, - ■■ , ii+m > 1- Identifying /„, with a, b, we have 

a b = iplJa{x^^ ®x®---®x^'® x)ilj2mfb{x''+' 3: ■ • ■ x^'+"' (g) 

= fail O a;^i+i~" ■ ■ ■ (g) a;*'+i+^~" ■ ■ ■ a;*'+™+i-")x*'+'"+i = a6 

since the sum has only one nonzero term, the one where ii = i2 = ■ ■ ■ = ii+m = n — 1 
and ii+m+i = 0. If a, 6 G B*^ are elements of degrees 21 and 2m + 1, respectively, then 
a similar calculation shows that a b = ab. 

Finally, let a, 6 G be elements of degrees 2/ + 1 and 2m + 1, respectively. Then 
the cup product fa - fb is given by 

{^21+1 fa V'2m+l/b)02/+2m+2(l ® 1) 

= (V^2Z+i/a - V^2Vi/b)(5Z 1 ® ® a; ® ■ ■ ■ ® X ® 
where the sum is over all indices is such that ii + ■ ■ ■ + ii+m+2 = (/ + m + l)(n — 1) 
and ii,i2, - ■ ■ , ii+m+i > 1- So a - 6 is 

= Y'ip2l+lfa{x''(^X(^- ■ ■®x''+')'llj2m+lfb{x(^x''+^(^- ■ ■ ® 

= fa{x^^x'^-^-^x'^+^-''- ■ ■ .a;^'+™+i+i-")a;*'+-+2 

i=o 

n-i 

n>i, ii+ji+„+2=™-i i=0 

since a, 6 G fcCa;, ii + ii+m+2 = n — 1, and = 0. 

Now let z = a; in degree 1 and ?/ = 1 in degree 2p. Comparing to the proof of 
Theorem 12.41 we see that y and z together with HH°(i?) = Z{kN) generate IIH*(i?), 
and the ring structure is as claimed. □ 

Note that HH*(i?) is finitely generated. It has been conjectured that the Hochschild 
cohomology ring, modulo nilpotent elements, of any finite dimensional algebra is 
finitely generated [T^ . 

We remark that the cup products could equally well have been computed using 
Yoneda composition. The resolution (j2.5p is a "D-projective resolution of A, and may 
be induced to B'^ to obtain a -B'^-projective resolution of A t^*^— B. The technique 
for computing Yoneda compositions from a projective resolution given in [21 §2.6] 
applies to this resolution to yield an alternative proof of Theorem 13.41 

It would be interesting to determine the Hochschild cohomology more generally for 
all finite dimensional rank one Hopf algebras, including those for which the relation 
x" = is replaced by x" = — 1 (see This would require a different approach. 
A generalization in another direction would be to allow the characteristic of k to 
divide \G\ while remaining relatively prime to n. 
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4. HOCHSCHILD COHOMOLOGY OF SMASH PRODUCTS 

In this section, we let A be any fc-algebra and H any Hopf algebra over k, with 
bijective antipode S, for which A is an iZ-module algebra. That is, A is an iJ-module 
for which ''{ab) = {''^a){''^b) and H = e{h) for all a, 6 G A and /i G if . Let B = Aj^H 
be the smash product of A with H: As a vector space, B = A^H, and multiplication 
is given by 

(a (g)h){b®l) = a{^^b) (g) 

for all a,b & A and h,l & H. We abbreviate a ^ h hj ah. 

We now generalize the algebra T> defined in ()2.2|) in the case H = kG. Let 6 : 
H ^ H ® H°P be the map given by 6{h) = hi<S) S{h2) for all h e H. Note that 6 is 
injective as its composition with id^e is injective, so that H = S{H). Let 

(4.1) V:={A(^A°P)6{H), 

a subalgebra of B'^: To see that V is closed under multiplication, use the relation 
aS{h) = S{hi){''^a) for a\\heH,ae A: 

{a^b){hi(g S{h2)){c(gd){h® Sik)) = {a ® b){hic ^ dS{h2))ili ® Sik)) 

= (a ® b){C'c)h2 ® 5(/i3)(^M))(/i ® Sik)) 

= (a® b)C'c (g) ^M)(/l2 ® S(/l3))(/l ® S(/2)) 

for all a,b,c,d G A and h,l E H. Unlike the case H = kG, the algebra V appears 
not to be a smash product in general. 

Note that A is a P-module under left and right multiplication since hiaS{h2) = 
{^^a)h2S{h^) =^a e A for aX\ h e H and a e A. Let A B" (gj) A denote the 

induced left i?'^-module. 

Lemma 4.2. There is an isomorphism of left B'^ -modules, B = A ]^ . 
Proof. First note that = {H 1)6{H) as sets: If a, 6 G H, we have 

a ® Sib) = aeibi) ® S{b2) = aS{bi)b2 ® ^(^s) = ® 1)(62 ® ^(63)), 

an element of [H ® 1)6{H). This suffices since 5* is bijective. 
Now define iJ'^-maps (p and ip: 

B^®vA B , B B^(g)r,A . 

(6 ® c) (g) a 6ac b (6 1) (g) 1 

That V' is a iJ'^-map uses the relation from the first paragraph. Clearly (j) is well- 
defined. We next check that (f) and ip are inverses. By the above arguments, 5^ = 
H^A"" = {H0 l)S{H)A''. Note that V = A^S{H) = 5{H)A^: li h e H and a,b e A, 
then 

{hi®S{h2)){a®b) = hia®bS{h2) = {hi.a)h2® S{h'i)hi.b = {hi.a®hi.b){h2® S{h^)), 

so that 5{H)A^ C A'^5{H). The other containment may be shown similarly. 

We claim that B'^ is a free right P-module, with free P-basis given by any A;-basis 
of if (g 1. In case A = k, this follows from the fact that a tensor product of a free 
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if-module with another module is free Prop. 3.1.5]. In general, note that B'^ is 
free over with free basis any fc-basis of H*^, by construction, and we may take as 
/c-basis of if^ the product of a fc-basis of if ® 1 with a /c-basis of S{H), again by 
Prop. 3.1.5]. This shows that a A;-basis of H^l forms a free P-basis of B"^. Therefore 
we may write elements of B"^ ®x> ^ as linear combinations of elements (/i 1) a 
{heH,ae A). Then 

{^p o (j)){{h (g) 1) (g) a) = ^p{ha) = {ha (g) 1) (g) 1 = {h (g) 1) (g) a 

for a\\ h e H,a e A, since agil e V, and (0 o = (g 1) (g) 1) = 6 for all 

beB. □ 

The following theorem generalizes part of ^3 Lemma 3.5]. 

Theorem 4.3. Let M be a B-himodule, and T> the subalgebra of B^ defined in 
Then 

HH*(5,M) = ExtUA,M) 

as graded vector spaces. 

We remark that any decomposition of M into a direct sum of P-submodules now 
leads to a similar decomposition of HH*(i?, M). 

Proof. Since B'^ is a free right P-module we may apply the Eckmann-Shapiro Lemma 
and Lemma f4. 21 to obtain the claimed isomorphism. □ 

Corollary 4.4. The graded vector space Ext^{A, B) has a ring structure for which 

HH*(B) = Ext^(A,5) 

as graded algebras. 

As a consequence, HH*(i?) has a graded vector space decomposition indexed by 
P-summands of B. In case B = kG, there are "D-summands that are indexed by the 
conjugacy classes of the group, and this leads to a useful description of cup products 
on HH*(/cG) that was used to compute several examples ^T]. In case B = H is a. 
commutative Hopf algebra, H is trivial as a D-module. Combined with an explicit 
description of the cup product given in ()4.7|) below, this yields an isomorphism of 
graded algebras HH*(i/) = H ^ Ext^(/c, k), an alternative proof of fOl Thm. 1]. In 
case B = Ajj^H with H = kG, the cup product on Ext^{A, B) is described in jT3 
Thm. 3.16] in terms of summands indexed by conjugacy classes. 

We give an explicit formula for the cup product on Ext^(y4, B) referred to in 
Corollary 14.41 by expressing the bar resolution of B as induced from a P-resolution 
of A. Define 5™ : ^ H^{rn+2) 

5"'{h'' ® • ■ ■ ® /i™) = /i? ® • ■ ■ ® /if ® S{hl ■■■h^) 

for h"- e H. Let 

where indicated products occur in B. Note that 5° = 5 and Vq = V since 

ahi ® bS{h2) = ahi ® S{h2){^'b) = {a (g '''b){hi ® ^(/la)) eVcB\ 
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By Lemma f4. 21 we have an isomorphism of -B'^-modules, A 1^*^= B. By construction, 
Vo Ti'= B^. A calculation shows that for all m > 0, t©'^ 5®(™+2) B''- 
modules, via the map 

(4.5) (6„i (g) bm+2) (S) (bo (S) ■ ■ ■ (8) bm+l) ^ fe-l^O ® &1 ® • ■ ■ ® &m ® &m+l&m+2, 

whose inverse is 
(4.6) 

ao/i°®ai/iV ■ •(g)am+i/;,™+^ ^ (l^/ig- ■ •/;,™/i'"+^)0(ao/i?®- • ■®a„/i™(g)am+iS'(/i2- ■ -/i^))- 
We claim that is P-projective: First note that 

Vrn = V{l(g) aihl ® • • ■ ® a™/i™ ® 5(/i2 ■ ■ ■ /i^)} 
as sets. We use this to define an isomorphism ^ (A0 5®™- (g) ^4) via the map 
{aoh ® a„+iS'(/2))(l (S) aih\ (g) ■ ■ ■ O a„/i" (g) S'(/i2 ■ ■ ■ h"^)) 

S'(/2)) ® (1 ® ai/i ® ■ ■ ■ ® a^/;,'" (g> 1) 

whose inverse is 

(a_i/i (g) am+2S{l2)) ® ao ® Oi/i^ ® ■ ■ ■ ® am/i™ (g) a^+i 

^^ a_i/iao ® a-ihl ® ■ ■ ■ 0^/^^ (g S{hl - ■ ■ K^)am+iam+2S{l2)- 
Since A 5®"^ A is clearly A^-free and P is free as a right A-module, the induced 
"D-module is P-free. The differentials for the bar resolution of B preserve P*, and 
it may be checked that V^, is a resolution under the restriction of these differentials. 
The bar resolution of B is thus induced from V^,. li f : T>i ^ B and /' : B 
are two cocycles, define f ^ f "Z^^+m — ^ by 
(4.7) 

(/-/')(«o/^?®- ■ ■m-,mh['-"'m+m+iS{hl- ■ ./i^+-)) =/(ao/i?®- • ■mh[(gs{hl- ■ -h^))- 

f\hl ■■■h\® ai+,h[+' ® ■ ■ ■ ® ai+„/i'+™ ® ai+m+iS{hl ■ ■ ■ h\h'^^ ■ ■ ■ /i^+™)) 

for all ttj G A and K' G H . This agrees with the cup product on Ext^e(i?, B) under 
the given isomorphism. 

In the special case A = k, Theorem 14.31 implies that 

(4.8) ¥l¥l*{H) = W{H,H'"^), 

where H'^'^ is the i7-module H under the left adjoint action defined by {adh){l) = 
hilS{h2) for h,l e H, and R*{H,H'"^) := Ext^(A;, if""^). This isomorphism appears 
in jTj as Prop. 5.6. 

Example 4.9. We outline an alternative approach to the Hochschild cohomology of 
rank one Hopf algebras that we computed in Section 2, based on ()4.8|) . This allows 
us to relate the structure of HH*(i?) to the adjoint representation oi B = H for these 
Hopf algebras. We first find a decomposition of B"''^. 
Using the coproducts (j2.H) . we have 

(ad5f)(x'/i) = xi9')x'9hg~^ and {adx){x'h) = (1 - x{9ih))x'~^^h 
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for all g,h & G. Let go, . . . ,gt be a set of representatives of conjugacy classes of 
G, where gi is the central element from Section 2. Assume gi has order m and 
fi'o = 1; 92 = gf, • • • , dm-i = gT~^- Then B'"^ has the following decomposition as a 
i?-module (however the summands are not necessarily indecomposable): 

t 

B"'^ = Span^ix' hgkh-^ \ 0<i<n-l, heG}. 

k=0 

Each summand above potentially splits into the sum of two 5-submodules: For each 
h & G, let jh {0 < jh < n — 1) be the smallest such that x{h) = x{9i)~^'^ if this exists, 
and otherwise let jh = n — 1. Then the kth summand above becomes 

Spani.{x^hgkh~^ I < i < jg^, h E G}®Span,^{x^hgkh~^ \ jg^ + l <i< n—1, h G G}, 

although this is not needed for the computation of cohomology. In order to compute 
H*(i?, B'^'^), we use the free A-resolution of k: 

■■■"^ A"^ A^k^Q. 

This may be extended to a projective 5-resolution of k by giving A the following 
actions of G: In degree 2i, g-a = ^ind in degree 2i + l, g-a = xigY^^^ 

for all a G A and g E G. This leads to an alternative proof of Theorem 12.41 

We now return to a more general setting. Assume that H is any finite dimensional 
semisimple Hopf algebra and B = A^H. In this direct consequence of 

Theorem 14.31 is that 

(4.10) HH*(S) ^ HH*(A B)" 

(cf. O Thm. 3.3]). To see this, first use the relation RomviM, N) = HomAe(M, A^)^ 
for any two P-modules M, A^, where the superscript H denotes invariants under the 
action 

{h ■ f){m) = h ■ ifiSih) ■ m) = hJiSih,)mS\h))Sih2) 
induced by the embedding 6 : H W^. Next we must see that taking if-invariants 
after taking cohomology is equivalent to taking if-invariants before taking cohomol- 
ogy. This follows from the observation that if-invariants are precisely the image of a 
nonzero integral since H is semisimple. Using this, we now give explicit formulas for 
cocycles and cup products on HH*(y4,_B)^. 
Let 

(4.11) ^ B2^ B^^ Bo^ A^Q 

be any D-projective resolution of A. We claim that the bar complex for A is itself 
a P-projective resolution of A where h E H = S{H) acts on A®™ diagonally. We 
thank A. Kaygun for explaining to us a proof of this fact, in the context of Hopf- 
Hochschild cohomology. We summarize the proof here: Let A be an integral for H 
with e{A) = 1. Then the D-map V ^ A"^ defined by ahi ® S{h2)b ^ e{h)a ® & is 
split by the D-map — P defined hj a ^ b aAi (g) S{A2)b for all a,b E A and 
h E H. Therefore A'^ is D-projective. If m > 0, we see that is P-projective 
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as follows. Since H is semisimple, A is if-projective, and so A*^™ is a direct summand 
of a sum of copies of H®"^. A standard argument (see the proof of Prop. 3.1.5]) 

shows that H®"^ = H {Hf}"^'^^), where Htr is H with the trivial action of H. 

Now A®H®A = T>a.s X'-modules, and fc-bases of the remaining factors H^ 



tr 



arising from y^®^'""'"^) provide a P-basis of a free P-module having /l®(™-+2) a direct 
summand. It follows that the bar resolution of A is a P-projective resolution of A in 
case H is semisimple. 

Let il}n '■ A'^*-™"'"^^ — > Pm be P-homomorphisms giving a map of chain complexes 
from the bar complex to (|4.1H) . The following theorem generalizes P, Thm. 5.4], 
which is useful in case a resolution other than a bar-type resolution is used to compute 
the cohomology. For example, it was used to find explicit formulas for Hochschild 
2-cocycles in ji^ when the cohomology was computed via a Koszul resolution. 

Theorem 4.12. Assume H is a finite dimensional semisimple Hopf algebra. Let f : 
Pm —>■ B be a function representing an element o/HH™(y4, B)^ expressed via the com- 
plex The corresponding function fe Homfc(5®™,5) = HomBe(5®("+2), 5) 
expressed via the bar complex is defined by 

f{aih^ (g) ■ ■ ■ (g)a„/i™) 
for all ai, . . . & A and h^, . . . ,h"^ & H. 

Proof. This follows by explicitly tracing through the Eckmann-Shapiro Lemma as it 
applies to HH*(i?) = Exf^lAjB) in the proof of Theorem 14.31 We use the explicit 
map from the bar resolution for B to given in ()4.6|) . We also need a D-map 

from to the bar resolution for A, and this is 

(4.13) a^hl®- ■ ■®amh'^®am+iS{hl ■ ■ ■ /i") 

(This generalizes jU (5.2)].) 

Applying (lOll first, /(ai/i^ ®---® amh^) = /(I (g) aih^ (g) • • ■ (g) am/i™ (g 1) may be 
identified with 

fiimhl- ■ ■h^)0{ma^hl0- ■ -mmK^sihl- ■ -h^)) 

= fimaihl^- ■ ■®amK®S{hl- ■ ■h^))hl- ■ ■h'^. 
Now applying ()4.13|) . this is 

((/ o ^m){mai®^"a2®''"^^"a^®- ■ ■^'^--I'^^-^-'^r ^a^® l))/i^/i^_i ■ ■ ■ h^-'h^. 

□ 

We now describe the cup product on B.B.*{A, B)^ . Just as in Section 3, where 
H = kG, the cup product on HH*(A,5)^ C ER*{A,B) induced by the algebra 
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structure on B corresponds to the cup product on HH*(i?), and in particular if 
/ : ^®(«+2) ^ 5 and /' : ^ B, then 

(/ /')(«o ® ■ • • ® ai+,n+i) = /(ao ® ■ ■ ■ ® a« (g) 1)/'(1 ® a/+i ® • • ■ ® a^+^+i) 
by pr^Hl and (gH). 

5. HOPF-HOCHSCHILD COHOMOLOGY IS HOCHSCHILD COHOMOLOGY 

Let if be a bialgebra and A an if-module algebra. In 8j, Kaygun introduces an 
algebra T = A"^ ® H with the following multiplication: 

(a (g) 6 (g) /i)(c (g) (g) /) = {a{^'c) (g {''■'d)b (g /is/) 

for all a,b,c,d G A and h,l G i/. By [8| Lem. 3.2], T is an associative algebra, 
denoted A'^ x\ H there. The bar resolution for A is a differential graded F-module 
under the usual action of A'^ and the tensor product action of H (see Lem. 3.5]). 

Let M be an H-equivariant A-bimodule, that is M is both an if-module and an 
A-bimodule, and ^{amh) = {'^^a){'^'^m){^^h) for all m G M, a, 6 G A, and h E H. 
Equivalently, M is a F-module where (a (g 6 (g h)m = a{^m)h by Lem. 3.3]. The 
Hopf-Hochschild cohomology HHyQp£(A, M) of A with coefficients in M is defined in 
[H] to be the cohomology of the cochain complex CH^^pf (A, M) where 

CH5'„pf(A,M) := Homr(A®("^+'),M), 

and the differentials are induced from those of the bar complex for A. 

Lemma 5.1. Let H be a Hopf algebra, and A an H-module algebra. There is an 
isomorphism of algebras T = 1), where T> is defined in d^. j| ). 

Proof. Define : "D ^ F by 

ahi (g S{h2)b —^a®b®h 

for all a,b ^ A, h ^ H. Then clearly has inverse ip defined by ip{a (g 6 (g /i) = 
ahi (g S{h2)b. We verify that is multiplicative: 

(l)iiah®Sih2)b){ch^Sik)d)) = <p{ai!''c)h2h®S{h^l2)i!''d)b) 

= a{!''c)®{!''d)b®h2l 
= (j){ahi (g S{h2)b)(f){di (g S{l2)d) 

for all a,b,c,d & A and h,l & H. □ 

If M is an A^iiT-bimodule, then M is a module for F = P by restriction to 
V C {Ajj^Hy. Therefore M has the structure of an if-equivariant A-bimodule. The 
next theorem shows that the Hopf-Hochschild cohomology of A with coefficients in M 
is isomorphic to Hochschild cohomology under the assumption that H is semisimple 
(cf. Thm. 3.7]). 
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Theorem 5.2. Let H be a finite dimensional semisimple Hopf algebra, and A an 
H-module algebra. Then 

HH^?„p,(AM)=HH'"(A#i7,M) 
for all m and any Aj^H -bimodule M. 

Proof. The bar resolution of A is a P-projective resolution of A, as explained towards 
the end of Section 4. This fact, together with Lemma f5. II and Theorem 14.31 imply 

HH^?„pf(A, M) ^ Ext^(^, M) ^ HH'"(A#iJ, M). 

□ 
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